We invert the second order, single field, general slow-roll formula for the power spectrum, to obtain a second order formula for inflationary parameters in terms of the primordial power spectrum.
Introduction
The primordial curvature perturbations [1] are manifested today by anisotropies in the cosmic microwave background (CMB) and inhomogeneities in the large scale structure of the observable universe, and are characterised in terms of the power spectrum. Observations [2] of the CMB and large scale structure allow the reconstruction of inflationary parameters [3, 4, 5] . For a proper analysis of the upcoming high precision observations, such as Planck [6], we need accurate analytical studies. Usually, one chooses a particular theory, assesses the spectrum it predicts and attempts a comparison between its predictions and the observed universe. However, to interpret observations, it is more useful to have an inverse formula that determines inflationary parameters in terms of the primordial spectrum, which is in turn determined by observational quantities.
The standard slow-roll approximation used for inflationary scenarios makes some strong assumptions about the properties of inflation, which have not yet been confirmed observationally. Hence, a more general slow-roll approximation has been put forward [7] which lifts the extra, unjustified, assumptions of the standard slow-roll approximation. The advantages of the general slow-roll approximation, compared with the standard approximation, are clearly discussed in Ref. [8] .
Recently we proposed a general inverse formula [9] for extracting inflationary parameters from the power spectrum of cosmological perturbations. There, we inverted the leading order, single field, general slow-roll formula for the power spectrum to obtain a formula for inflationary parameters in terms of the primordial power spectrum. Here we extend our inverse formalism to the second order.
2 Second order general slow-roll power spectrum
We follow the formalism of our first inverse paper [9] . For single field inflationary models, it is convenient to express inflationary quantities in terms of [7, 10] 
where
. . is minus the conformal time. We think of f as a function of ln ξ so that f ′ ≡ df /d ln ξ. Under the general slow-roll approximation, the spectrum for a single field inflation model can be expressed up to second order terms as [11] ln
and
W (x) and m(x) have the asymptotic behaviors
and lim
and window properties
Inverse formula
Our fundamental inverse identity is
where sgn(x) = −1 for x < 0 and sgn(x) = 1 for x > 0. Taking the derivative with respect to ξ we get
which we can use to invert the first order general slow-roll formula [7] ,
to get [9] ln 1
and hence 2 f
Substituting into Eq. (2) gives
and applying Eq. (11) gives
Reordering we get
Now, we have the identity
and using the identities
where M(x, y) = 4xy
Substituting Eqs. (18) and (21) into Eq. (17), we get the simplified form for the second order inverse formula
3 Examples
Standard slow-roll approximation
In the context of standard slow-roll, the power spectrum has the form
where n is the spectral index and k ⋄ is some reference wavenumber. Applying our inverse formula Eq. (27), using the window properties Eqs. (8) and (25), and the results
where α = 2 − ln 2 − γ ≃ 0.7296, gives ln 1
where α ⋄ = α − ln(k ⋄ ξ). Eq. (32) reproduces the standard slow-roll inverse, which is trivially obtained from the standard slow-roll formula [10] + · · ·
where α ⋆ = α − ln(kξ ⋆ ) and ξ ⋆ is an arbitrary evaluation point usually taken to be around horizon crossing.
Power law
Consider the simple case where the spectrum has the power law form
with ν > 0. Substituting this power spectrum into our inverse formula Eq. (27), and using the results
we obtain ln 1
To understand this result better, let us see the forward calculation. Consider an inflationary scenario with
Calculating the power spectrum up to second order terms using Eq. (2) we obtain ln P = ln 1
The term proportional to A 1 in Eq. (38), i.e. the first order result, diverges at ν = 1. This is to be expected as the term proportional to B 1 in Eq. (40), i.e. the first order general slow-roll result, is degenerate at ν = 1 and so one can not expect an inverse to exist beyond that point. The second order terms in Eq. (38) diverge at ν = 1/2. This is to be expected as the term proportional to B 2 in Eq. (40) is degenerate at ν = 1/2 and so one can not expect a second order inverse to exist beyond that point.
